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Worcester County Mathematics League W
Varsity Meet 4 - March 4, 2020

Answer Key l I

Round 1 - Elementary Number Theory Team Round
. 2°.32.5%.7-11 . 1672
. 31405 3

. 9432,9036,9936 (need all three) 2. 31 cents or §0.31

3. no solution
Round 2 - Algebra I

.

4. 240
. 32a%b° 1
5 =
. k=6 "z
. $1.50 or 150 cents (must use proper notation) 6. 120°
7. 16
Round 3 - Geometry
37 8. |sin(3)[, | sin(4)],|sin(1)], | sin(2)| (must have absolute value
' symbols)
2 32 ) 9 117
mr 3r r Ve
I _ 24
ERRTRRETICRNE)
Round 4 - Logs, Exponents, and Radicals
=7
. =4 (only)

.9

Round 5 - Trigonometry

V2 -1
' 4

. 2v/39

1
. 1,—1, and 1 (need all three)




Worcester County Mathematics League

Varsity Meet 4 - March 4, 2020
Round 1 - Elementary Number Theory
All answers must be in simplest exact form in the answer section. l I

NO CALCULATORS ALLOWED
1. Give the prime factorization of 554, 400.

2. Determine the least common multiple of 101003 and 1010105y and express it in base five.

3. Find all four-digit numbers which can be written as 9A3B (where A and B represent the hundreds and units digits,
respectively) and are divisible by 36.

ANSWERS

(1 pt) 1.

(2 pts) 2.

(3 pts) 3. Shepherd Hill, Shepherd Hill, St. John’s




Worcester County Mathematics League
Varsity Meet 4 - March 4, 2020
Round 2 - Algebra I

All answers must be in simplest exact form in the answer section. l I
NO CALCULATORS ALLOWED

1. Simplify the following expression:

(2ab*)3 + (2ab?)?(6ab?)

2. If the vertices of parallelogram ABCD are A(—2,3), B(1,2),C(3,5), and D(0, k), find k.

3. Ella buys a certain number of tomato plants for $9. Brian buys two more plants than Ella, but of a different variety
(pepper plants) for $10. If ten tomato plants and four pepper plants cost $20, what does one tomato plant cost?

ANSWERS

(1 pt) 1.

(2 pts) 2.

(3 pts) 3. Tantasqua, Shrewsbury, Bromfield




Worcester County Mathematics League
Varsity Meet 4 - March 4, 2020
Round 3 - Geometry

All answers must be in simplest exact form in the answer section. l I
NO CALCULATORS ALLOWED

1. The lengths of the sides of a non-isosceles triangle are 7, z, and 18. If x is an integer, what is the smallest possible
perimeter of the triangle?

2. Parallelogram ABCD has a perimeter of 32 with AB =4x + 2z, BC =6x+3z, CD =2y+ 1 and AD = 3y. Find x + y.

3. An equilateral triangle is inscribed in a circle of radius r such that an altitude of the triangle lies along the y-axis. Find
the area (in terms of r) bounded by the triangle, the circle, and the z-axis in quadrant 3.

ANSWERS

(1 pt) 1.

(2 pts) 2.

(3 pts) 3. Wachusett, Bromfield, Shrewsbury




1. Solve for z.

2. Solve for z.

3. Compute n® if

ANSWERS

(1 pt) 1.

Worcester County Mathematics League

Varsity Meet 4 - March 4, 2020
Round 4 - Logs, Exponents, and Radicals
All answers must be in simplest exact form in the answer section. I I

NO CALCULATORS ALLOWED

2log, x +logy(x — 3) =2

log,,, 96 = logs,, 75V/5.

(2 pts) 2.

(3 pts) 3.

Sutton, Groton-Dunstable, Algonquin




Worcester County Mathematics League
Varsity Meet 4 - March 4, 2020
Round 5 - Trigonometry l

All answers must be in simplest exact form in the answer section.
NO CALCULATORS ALLOWED

1. Evaluate the following expression. All angles should be expressed in radians. Leave your answer as a single fraction.

AT —
Sin 4 (¢0)] 3 arctan

2. Consider quadrilateral ABC'D where £ DAB = {ABC = 120°. If AD =8, AB = 6, and BC = 4, determine the length
of COD.

3. Compute all possible values of cosz if
Btan:c — 81sinx.

ANSWERS

(1 pt) 1.

(2 pts) 2.

(3 pts) 3. QSC, Bromfield, Algonquin




Worcester County Mathematics League
Varsity Meet 4 - March 4, 2020
Team Round

All answers must be in simplest exact form in the answer section. l I
NO CALCULATORS ALLOWED

. A 120° sector is cut from a circle of radius 6 and bent to form the lateral surface area of a cone. What is the volume of
the cone?

. In Numismia, there are only two types of currency: 5 cent coins and 9 cent coins. What is the largest amount of money
that cannot be made with a combination of those two coins?

. Solve for z.

Vi—-1lz —2z+2=0
. Semicircles are drawn on each side of a triangle. Their areas are 257, 144w, and 1697. Find the area of the triangle.

CIf
a®® — 24 —-3=0

where a > 1 and z > 0, find the value of logs a in terms of z.
. Determine the size of the largest angle in a triangle having sides of 1.5,2.5, and 3.5.
. The sum of a real number, its square, and its square root is 276. Find the number.
. Order the following from least to greatest. Note: angles are in radians.
|sin(1)[, | sin(2)], | sin(3)], | sin(4)|
. A circle is inscribed in an equilateral triangle with sides of length 2. Three more triangles are placed inside the triangle

such that each is tangent to two sides of the triangle and a previously inscribed circle. This process continues forever.
Determine the collective area of the circles.



Worcester County Mathematics League
Varsity Meet 4 - March 4, 2020
Team Round Answer Sheet

ANSWERS

Sutton, Tantasqua, Tahanto, Groton-Dunstable, Westborough, Doherty, Bromfield, QSC, St. John’s



Worcester County Mathematics League W
Varsity Meet 4 - March 4, 2020

Answer Key l I

Round 1 - Elementary Number Theory Team Round
. 2°.32.5%.7-11 . 1672
. 31405 3

. 9432,9036,9936 (need all three) 2. 31 cents or §0.31

3. no solution
Round 2 - Algebra I

.

4. 240
. 32a%b° 1
5 =
. k=6 "z
. $1.50 or 150 cents (must use proper notation) 6. 120°
7. 16
Round 3 - Geometry
37 8. |sin(3)[, | sin(4)],|sin(1)], | sin(2)| (must have absolute value
' symbols)
2 32 ) 9 117
mr 3r r Ve
I _ 24
ERRTRRETICRNE)
Round 4 - Logs, Exponents, and Radicals
=7
. =4 (only)

.9

Round 5 - Trigonometry

V2 -1
' 4

. 2v/39

1
. 1,—1, and 1 (need all three)




Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

Round 1 - Elementary Number Theory

1. Give the prime factorization of 554, 400.

Solution: First, break the number down into 5544 - 100 = 5544 - 22 - 52. Since the digits of 5544 sum to 9, it’s divisible
by 9: 616-32-22.52. Since the last two digits of 616 are divisible by 4, the whole number is divisible by 4: 154-32.2%.52,

Dividing 154 by 2 gives us 77, which breaks down into 7 times 11. The full factorization: [2°-32-52.7.11|.

2. Determine the least common multiple of 101002y and 1010102y and express it in base five.

Solution: First, we put both numbers into base ten. Since 10100, represents 1 2% and 1 22, the first number is 20.
The second number represents 1 of each of 2°, 23, and 2!, which sums to 42. Since

20=2%.5
and
42=2-3-7,
to match factors we need to arrive at 22-3-5-7 = 420.

Now we must put this number into base 5. We look at non-negative integer powers of 5 (1, 5, 25, 125) and see that 125
(or 53) divides into 420 three times with remainder 55. We see that 25 (or 5?) divides into 55 once with remainder 20.

Then 5 (or 5) divides evenly into 20 four times with no remainder. Therefore, 420(10)=| 3140 s) |.

3. Find all four-digit numbers which can be written as 943B (where A and B represent the hundreds and units digits,
respectively) and are divisible by 36.

Solution: For 9A3B to be divisible by 36, it must be divisible by 9 and by 4.

To be divisible by 9, the sum of the digits must itself be divisible by 9, so 9 + A + 3 + B will either sum to 18 or 27.
This leads us to find A + B to be equal to 6 or 15.

To be divisible by 4, the last two digits must be divisible by 4. That means B must be 2 or 6.

We make a small chart:
If.. |A+B=6 A+B=15

B =2 A=4 not possible
B=6 A=0 A=9

Our possible combinations lead us to the numbers ‘ 9432, 9036, 9936 |.
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

Round 2 - Algebra I

1. Simplify the following expression:

(2ab?)® 4 (2ab?)*(6ab?)

2. If the vertices of parallelogram ABCD are A(—2,3), B(1,2),C(3,5), and D(0, k), find k.

3. Ella buys a certain number of tomato plants for $9. Brian buys two more plants than Ella, but of a different variety
(pepper plants) for $10. If ten tomato plants and four pepper plants cost $20, what does one tomato plant cost?
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

Round 3 - Geometry

1. The lengths of the sides of a non-isosceles triangle are 7, x, and 18. If x is an integer, what is the smallest possible
perimeter of the triangle?

2. Parallelogram ABC'D has a perimeter of 32 with AB =4z + 2z, BC =6x+ 3z, CD =2y + 1 and AD = 3y. Find = + y.
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

3. An equilateral triangle is inscribed in a circle of radius r such that an altitude of the triangle lies along the y-axis. Find
the area (in terms of ) bounded by the triangle, the circle, and the z-axis in quadrant 3.
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1. Solve for x.

Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

Round 4 - Logs, Exponents, and Radicals

@-W:?

2. Solve for x.

2log, x +logy(x — 3) =2
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

3. Compute n° if

log,,, 96 = logs,, 75V/5.
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

Round 5 - Trigonometry

1. Evaluate the following expression. Leave your answer (in radians) as a single fraction.

. (57 2m
sin (T) - cos (?) + arctan(—1)

2. Consider quadrilateral ABC'D where { DAB = L{ABC = 120°. If AD =8, AB = 6, and BC = 4, determine the length
of CD.
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

3. Compute all possible values of cos z if

3tanw _ Slsinx.
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

Team Round

1. A 120° sector is cut from a circle of radius 6 which is then bent to form the lateral surface area of a cone. What is the
volume of the cone?

Solution: A circle with radius 6 has circumference 127. Since the 120° sector is one-third of the full circle, the cut
sector has an arc length of 47r. This arc forms the circumference of the base of the newly formed cone.

If the cone’s circumference is 4, it’s radius is 2. With the lateral height being 6 (the former circle’s radius), we find
the height to be v/32. The volume of this cone is therefore

1 1 4 16 2
V:§7Tr2h:§7r22\/3_:§-4\/§: 7;\/_

2. In Numismia, there are only two types of currency: 5 cent coins and 9 cent coins. What is the largest amount of money
that cannot be made with a combination of those two coins?

Solution: Let’s begin by printing out a table of cents. We know that any multiple of 5 or 9 can be made, so we cross
out all multiples of 5 and 9 to indicate this.

1 2 3 4 5 6 7 8 9 M
11 12 13 14 15 16 17 & 19 2
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 H0
51 52 53 54 55 56 57 58 59 60

We also know that any time we add 9 cents to an already-made amount of money, that new amount of money can also
be made. So from 5 cents, we can cancel out 14, 23, 32, 41. From 10, we can cancel out 19, 28, 37, and 46.

1 2 3 4 5 6 7 8 9 M
11 12 13 M 15 16 17 W8 19 24
21 22 28 24 25 26 27 28 29 30
31 37 33 34 35 36 37 38 39 40
M 42 43 44 45 M6 AT 48 49 5O
51 52 53 54 55 56 57 58 59 60

Continuing this process, adding 9 cents to every already-made value gives us the following table. The largest number

is below.
1 2 3 4 3 6 7 8 9 W
11 12 13 MM 5 16 17 8 W 24
21 22 28 24 25 26 27 28 29 30
(31] 37 38 31 35 36 3 3% 39 A0
M A7 4B M A5 M AT M 4T 50
A 527 58 4 55 56 57 58 59 60
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

3. Solve for z.

Vi—1lr—x+2=0

4. Semicircles are drawn on each side of a triangle. Their areas are 257, 1447, and 1697. Find the area of the triangle.

5. If
a®® —2a* —-3=0

where @ > 1 and x > 0, find the value of logs @ in terms of z.
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

6. Determine the size of the largest angle in a triangle having sides of 1.5,2.5, and 3.5.

7. The sum of a real number, its square, and its square root is 276. Find the number.
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

8. Order the following from least to greatest. Note: angles are in radians.

|sin(1)], | sin(2)], | sin(3)], | sin(4)]
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Worcester County Mathematics League - Varsity Meet 4 - March 4, 2020 - Solutions

9. A circle is inscribed in an equilateral triangle with sides of length 2. Three more triangles are placed inside the triangle
such that each is tangent to two sides of the triangle and a previously inscribed circle. This process continues forever.
Determine the collective area of the circles.
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